
1.3 Asymptotes Name:_________________________

 
Write your questions 
and thoughts here! 

Calculus 

NotesRecall:  Vertical Asymptote    Horizontal Asymptote 
 
 

Vertical Asymptotes: 

True or False.  If you have the function ݂ሺݔሻ ൌ ௕௟௔௛,			௕௟௔௛,			௕௟௔௛

௫ି௔
  then there must be a 

vertical asymptote at ݔ ൌ ܽ. 
 

Use the function ݂ሺݔሻ ൌ ௫మାଶ௫ି଼

௫మା௫ିଵଶ
  to answer the following. 

1.  Identify all vertical asymptotes. 
 
 
 
 
 

2.  Evaluate  lim
௫→ଷష

݂ሺݔሻ

 
 

3.  Evaluate  lim
௫→ଷశ

݂ሺݔሻ 

 

Horizontal Asymptotes: (End-behavior) 
  What does the ݕ‐value approach as the ݔ‐value approaches negative infinity AND 
positive infinity?  Does it approach a specific number, or is it growing without bound? 
 
 
 

Basic Rules for Horizontal Asymptotes: 

_______________ grows faster means 
୬୭୲	ୟୱ	ୠ୧୥

ୱ୳୮ୣ୰	ୢ୳୮ୣ୰	୆୍ୋ	୬୳୫ୠୣ୰!
ൌ 0 

 

If the numerator and denominator grow _________ fast, then you have 
୆୍ୋ	୬୳୫ୠୣ୰!

୆୍ୋ	୬୳୫ୠୣ୰!	
ൌ 1 

 

If the ___________ grows faster than the denominator, then you have 
୆୍ୋ	୬୳୫ୠୣ୰!

୬୭୲	ୟୱ	ୠ୧୥	
ൌ ∞ 

 
 
 
First, you need to recognize which functions grow faster as x‐values get larger and larger. 

Rank 
Fastest to 
Slowest 

݂ሺݔሻ ݔ ൌ ݔ 1 ൌ ݔ 10 ൌ ݔ 100 ൌ 1000 

       ଶݔ

       ଷݔ

       ଵ଴ݔ

  2௫     

  ݁௫      

  4௫      

  ln  ݔ     
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Find the horizontal asymptote(s) of each function. 

ݕ  .4 ൌ ௫మାସ

ଷ௫ିହ
 

 
 
 
 

ݕ  .5 ൌ ௫ାସ

ଷ௫ିହ
 

 

ݕ  .6 ൌ ௫ାସ

ଷ௫మିହ
 

 
 
 

 

What about weird ones like this:  ݕ ൌ
√௫మାଶ

௫ିଵ
 

 

Evaluate the limit. 

7.   lim
௫→ஶ

√ସ௫మା௫ିଶ

ଷ௫ିଵ
 

 
 
 
 

8.   lim
௫→ିஶ

√ସ௫మା௫ିଶ

ଷ௫ିଵ
 

 

9.   lim
௫→ஶ

െ4݁
భ
ೣ 10.   lim

௫→ஶ
5݁ି௫

 

Trig Function’s Horizontal Asymptotes:  
Evaluate the limit. 

11.   lim
௫→ିஶ

ୱ୧୬௫

௫
 

 
 
 
 

12.   lim
௫→ஶ

െ3 cos ଵ
௫
 

 

13.   lim
௫→ஶ

sin   .14 ݔ lim
௫→ஶ

ݔ5 cos ݔ

 

Squeeze Theorem: a.k.a. “Sandwich Theorem” or “Pinching Theorem” 
If 		ሺݔሻ ൑ 			 ሺݔሻ ൑ 			 ሺݔሻ 

 
and if lim

	
݂ሺݔሻ ൌ		    and lim

	
݄ሺݔሻ ൌ				 

 
then lim

	
݃ሺݔሻ ൌ					 

 
 
Use the Squeeze Theorem to evaluate the limit. 

15.  lim
௫→଴

ଶݔ cos ቀ ଵ
௫మ
ቁ 
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Calculus   Name: _____________________________ 
Identify all vertical asymptotes of each function. 

1.  ݂ሺݔሻ ൌ
௫మି௫ିଵଶ

௫ା଻
 

 
 
 
 
 
 
 

2.  ݂ሺݔሻ ൌ
௫యାସ௫మିଶସ௫

௫మିଵ௫
 

 

3.  ݂ሺݔሻ ൌ
଻௫మାସ௫ିଷ

଻௫ିଷ
 

 

4.  ݂ሺݔሻ ൌ
ଷ௫మିଵଵ௫ାଵ଴

௫ିଶ
 

 

Identify all horizontal asymptotes of each function. 

5.  ݂ሺݔሻ ൌ
√ଶହ௫రାଶ௫

௫మ
 

 
 
 
 
 
 

6.  ݂ሺݔሻ ൌ
√଻௫లାଷ௫మା௫

௫యାସ௫మ
 

 

7.  ݂ሺݔሻ ൌ
√ଽ௫ఴିଶ௫యି଺௫

ଶ௫రିଵ଴௫
൅ 3 

 

8.  ݂ሺݔሻ ൌ
ଷ௫మ

√ଷ௫రିଶ௫
 

 

Using the Squeeze Theorem, evaluate each limit.  SHOW WORK! 

9.  lim
௫→଴

ݔ cos ቀ
ଵ

௫
ቁ 

 
 
 
 
 
 
 
 

10.  lim
௫→଴

ଶݔ sin ቀ
ଵ

௫మ
ቁ 

 

11.  lim
௫→଴

ݔ sin ቀ
ଵ

௫మ
ቁ 

 

Evaluate each limit. 

12.   lim
௫→ஶ

ି௫ାଶ

௫మାଶ௫ାଶ
 

 
 
 
 

13.   lim
௫→ஶ

ቀsin
ଵ

௫
െ

଺௫మାଶ௫

ଷ௫మ
ቁ 

 

14.   lim
௫→ஶ

ቀ5 cos
ଵ

௫
ቁ 

 

15.   lim
௫→ஶ

௫ళ

ସೣ
െ 5 

16.   lim
௫→ஶ

3ି௫ ൅ 2 

 
 
 
 

17.   lim
௫→ஶ

െ3ݔ cos  ݔ 18.   lim
௫→ஶ

ݔ2 sin  ݔ 19.   lim
௫→ஶ

ଽ௫రାସ௫యାଷ

௫ళାଶ௫రାଶ௫య
 

 

20.   lim
௫→ିஶ

ଷ௫మିହ௫ାଵଵ

௫మିଶ௫
 

 
 
 
 

21.   lim
௫→ஶ

cos ቀ
ଶ௫ିగ௫మ

௫మ
ቁ 

 

22.   lim
௫→ஶ

ቀୱ୧୬௫
௫

െ 4ቁ 

 

23.   lim
௫→ஶ

ି௫రିଷ௫మି଼

ହ௫రା଻௫ାଵଷ
 

 

24.   lim
௫→ஶ

௫యି଻௫మା଼

௫మା଻௫ିଶ
 

 
 
 

25.   lim
௫→ஶ

 ଶ2ି௫ݔ

 
26.   lim

௫→ஶ

௘ళ

ଽೣ
 

 
 

27.   lim
௫→ିஶ

ଷ௫మିହ௫ళା଺

௫ళିଵହ௫ర
 

 

Practice



28.   lim
௫→ஶ

ଶ௫రାଷ௫మାଵ଴

ହ௫మା଺௫ିଵ
 

 
 
 
 
 
 

29.   lim
௫→ஶ

ቀୱ୧୬௫
௫

൅ 2ቁ 

   

30.   lim
௫→ஶ

cos ቀ
௫ఱ

௘ೣ
ቁ ൅ 4    31.   lim

௫→ஶ

ଷ௫లିହ௫యା଺

௫యା௫ఴିଶ௫ర
 

 

32.   lim
௫→ஶ

sinሺ2ݔሻ 

 
 
 
 
 

33.   lim
௫→ஶ

cos ቆ
గ௫మା√

మ
మ
௫

ହିଶ௫మ
ቇ    34.   lim

௫→ஶ
cos ቆ

√మ
మ
௫ିగ௫మ

௫మି௫యାଶ
ቇ 

 
 
 
 
 

1. lim
௫→଴శ

ୡ୭ୱ௫

௫
ൌ 

 
 

(A)  െ∞ 
 

(B)  െ1 
 

(C)  0 
 

(D)  1 (E)  ∞ 

 
 
 
2. Which of the following functions grows the fastest? 
 
 

(A)  ܽሺݑሻ ൌ ቀଵ
ଶ
ቁ
௨

 

 

(B)  ܾሺݑሻ ൌ ଵ଴଴ݑ ൅  ଽଽݑ
 

(C)  ܿሺݑሻ ൌ 4௨ 
 

(D)  ݀ሺݑሻ ൌ 200݁௨ 
 

(E)  ݁ሺݑሻ ൌ 3௨ ൅  ଷݑ
 

 

 
 
 

3.  Consider the functions ݂ሺݔሻ ൌ ଵ

௫
, ݔ ് 0, and ݃ሺݔሻ ൌ ݔ sin ଵ

௫
, ݔ ് 0.  Which of the following describes 

the behavior of ݂ and ݃ as ݔ → 0? 
  
  

(A)  lim
௫→଴

݂ሺݔሻ ൌ 0 and lim
௫→଴

݃ሺݔሻ ൌ 0 

 

(B)  lim
௫→଴

݂ሺݔሻ and lim
௫→଴

݃ሺݔሻ do not exist. 

(C)  lim
௫→଴

݂ሺݔሻ ൌ 0 and lim
௫→଴

݃ሺݔሻ does not exist. 

 

(D)  lim
௫→଴

݂ሺݔሻ does not exist and lim
௫→଴

݃ሺݔሻ ൌ 0 

(E)  lim
௫→଴

݂ሺݔሻ ൌ ∞ and lim
௫→଴

݃ሺݔሻ ൌ 0 
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4.  Suppose that ݃ሺݔሻ ൌ sinଶ ݔ ଺ݔ√ ൅ 4, and lim
௫→ஶ

௚ሺ௫ሻ

௙ሺ௫ሻ
ൌ 0.  Which of the following functions could be ݂? 

 
 

(A)  ݔ (B)  ݔଶ 
 

(C)  ݔଷ 
 

(D)  ݔସ (E)  ln  ݔ
 

 

5.  Which of the following statements are true for the function ݂ሺݔሻ ൌ ଶ௫యାଷ௫ାଵ

ଶೣ
 

I.    ݂ሺݔሻ has a horizontal asymptote of ݕ ൌ 1 
II.   ݂ሺݔሻ has a horizontal asymptote of ݕ ൌ 0 
III.  ݂ሺݔሻ has a vertical asymptote of ݔ ൌ 0 

 
 

(A)  I only 
 

(B)  II only 
 

(C)  III only 
 

(D)  I and III only (E)  II and III only 
 

 
6.  Which of the following functions has both a vertical and horizontal asymptote? 
 
 

 (A)  ݂ሺݔሻ ൌ 1
1൅݁െݔ

 

 

(B)  ݂ሺݔሻ ൌ tan   ݔ
 

(C)  ݂ሺݔሻ ൌ ݔ
2൅2ݔ

 

 

(D)  ݂ሺݔሻ ൌ ݔ
2െ2ݔ

 

 
(E)  ݂ሺݔሻ ൌ 2൅2ݔ

ݔ
 

 

 

 

7.  The function ݂ሺݔሻ ൌ ቐ
௫మାଶ௫ାଷ

௫మିଵ
, ݔ ൒ 0

௫

௘ೣ
, ݔ ൏ 0

 has which of the following asymptotes? 

 
 

(A)  ݕ ൌ 0 only. 
 

(B)  ݕ ൌ 1 only. 
 

(C) ݕ ൌ 1, ݔ ൌ 1 only. 

(D) ݕ ൌ 1, ݔ ൌ േ1 only. 
 

(E) ݕ ൌ 0, ݕ ൌ 1, ݔ ൌ േ1. 
 

 

 

8.  If the function ݂ሺݔሻ ൌ െܽ3ݔ൅ܾ2ݔ൅ܿݔ൅݀
݁െݔെ3ݔݓ൅ݓ

 has a horizontal asymptote of ݕ ൌ 2 and a vertical asymptote of 

ݔ ൌ 0, then ݓ െ ܽ ൌ 
 
 

 (A)  െ1 
 

(B)  0 
 

(C)  1 
 

(D)  ∞ (E)  The limit does not exist. 
 

 

9. What are all horizontal asymptotes of the graph of ݕ ൌ 
ହାଶೣ

ଵିଶೣ
 in the ݕݔ-plane? 

 
 

(A)  ݕ ൌ െ1 only 
 

(B)  ݕ ൌ 0 only 
 

(C)  ݕ ൌ 5 only 

(D)  ݕ ൌ െ1 and ݕ ൌ 0 
 

(E)  ݕ ൌ െ1 and ݕ ൌ 5 
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