
 
Exact value = Approximate value + Remainder 

 
𝑓ሺ𝑥ሻ ൌ 𝑝ሺ𝑥ሻ ൅ 𝑅ሺ𝑥ሻ 

 
𝑅ሺ𝑥ሻ ൌ 𝑓ሺ𝑥ሻ െ 𝑝ሺ𝑥ሻ  

 
Error:  |𝑅௡ሺ𝑥ሻ| ൌ |𝑓ሺ𝑥ሻ െ 𝑝ሺ𝑥ሻ| 

 
 

𝑓ሺ𝑥ሻ ൌ 𝑓ሺ𝑐ሻ ൅ 𝑓ᇱሺ𝑐ሻሺ𝑥 െ 𝑐ሻ ൅ ௙ᇲᇲሺ௖ሻሺ௫ି௖ሻమ

ଶ!
൅ ௙ᇲᇲᇲሺ௖ሻሺ௫ି௖ሻయ

ଷ!
൅⋯൅ ௙ሺ೙ሻሺ௖ሻሺ௫ି௖ሻ೙

௡!
൅ 𝑅ሺ𝑥ሻ  

 
 
 
 
 
 
 
Lagrange Error Bound 
Let 𝑓ሺ𝑥ሻ be differentiable through the order 𝑛 ൅ 1.  The error between the Taylor Polynomial 
and 𝑓ሺ𝑥ሻ is bounded by: 
 

|𝑅௡ሺ𝑥ሻ| ൑ ቤ
MAXൣ 𝑓ሺ௡ାଵሻሺ𝑧ሻ൧ሺ𝑥 െ 𝑐ሻ௡ାଵ

ሺ𝑛 ൅ 1ሻ! 
ቤ 

 
where 𝑧 is some number between 𝑐 and 𝑥. 
 
 

1.   The fourth degree Maclaurin polynomial for cos 𝑥 is given by 𝑝ସሺ𝑥ሻ ൌ 1 െ
௫మ

ଶ!
൅

௫ర

ସ!
.  If this 

polynomial is used to approximate cosሺ0.2ሻ, what is the Lagrange error bound? 
 

𝑝ସሺ0.2ሻ ൎ 0.9800667 
 

𝑅ସሺ𝑥ሻ ൑
MAXሾ 𝑐𝑜𝑠𝑖𝑛𝑒 𝑜𝑟 𝑠𝑖𝑛𝑒ሺ𝑧ሻሿሺ0.2ሻହ

5! 
 

𝑅ସሺ𝑥ሻ ൑ 2.667 ൈ 10ିହ 
 

0.00002667 
 
 
 
 
 
 
 

10.12 Lagrange Error Bound  
Write your questions 
and thoughts here! 

Calculus Notes 



2.   Use a third degree Taylor polynomial on the interval ሾ0, 1ሿ for 𝑒௫ centered about 𝑥 ൌ 0 to 
approximate 𝑒ଵ.  What is the error bound of this approximation?  

 
 
 
 
 
 
 
 
 
 
 
 
3.   What is the smallest order Taylor Polynomial centered at 𝑥 ൌ 1 which will approximate 𝑒௫ିଵ on 

the interval ሾ0, 3ሿ with a Lagrange error bound less than 1? 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

10.12 Lagrange Error Bound 
Calculus 
 

1.   The third Maclaurin polynomial for sin 𝑥 is given by 𝑝ሺ𝑥ሻ ൌ 𝑥 െ
௫య

ଷ!
 .  If this polynomial is used to approximate 

sinሺ0.1ሻ, what is the Lagrange error bound? 
 
 
 
 
 
 
 
 
 
 
 
 

Practice 

Write your questions 
and thoughts here! 



2.   If the Taylor Polynomial for approximating cos 𝑥 is given by 1 െ
௫మ

ଶ!
൅

௫ర

ସ!
 , what is the upper bound for the error 

in the approximation of cosሺ0.3ሻ? 
 
 
 
 
 
 
 
 
 
 
 
 

3.   If the Taylor Polynomial about 𝑥 ൌ 0 for the approximation of 𝑒௫ is given by 1 ൅ 𝑥 ൅
௫మ

ଶ!
൅

௫య

ଷ!
൅

௫ర

ସ!
൅

௫ఱ

ହ!
 , what 

is the upper bound for the error in the approximation of 𝑒? 
 
 
 
 
 
 
 
 
 
4.   Let 𝑓 be a function that has derivatives of all orders for all real numbers and let 𝑃ଷሺ𝑥ሻ be the third-degree Taylor 

Polynomial for 𝑓 about 𝑥 ൌ 0.  ห𝑓ሺ௡ሻሺ𝑥ሻห ൑
௡

௡ାଵ
, for 1 ൑ 𝑛 ൑ 5 and all values of 𝑥.  Of the following, which is 

the smallest value of 𝑘 for which the Lagrange error bound guarantees that |𝑓ሺ1ሻ െ 𝑃ଷሺ1ሻ| ൑ 𝑘? 
 
 
 
 
 
 
 
 
 

(A)    
ହ

଺
 (B)    

ହ

଺
∗
ଵ

ହ!
 (C)    

ହ

଺
∗
ଵ

ସ!
 (D)    

ସ

ହ
∗
ଵ

ସ!
 

 
 
5.   The function 𝑓 has derivatives of all orders for all real numbers, 𝑓ሺସሻሺ𝑥ሻ ൌ 𝑒ୡ୭ୱ௫ .  If the third-degree Taylor 

Polynomial for 𝑓 about 𝑥 ൌ 0 is used to approximate 𝑓 on the interval ሾ0,1ሿ, what is the Lagrange error bound? 
 
 
 
 
 
 
 
 
 
 



6.   The Taylor series for a function 𝑓 about 𝑥 ൌ 3 is given by                                           and converges to 𝑓 for 0 ൑

𝑥 ൑ 5.  If the third-degree Taylor Polynomial for 𝑓 about 𝑥 ൌ 3 is used to approximate 𝑓 ቀ
ଵଷ

ସ
ቁ , what is the 

alternating series error bound? 

 
 
 
 
 
 
 
 
 
7.   Let 𝑓 be a polynomial function with nonzero coefficients such that 𝑓ሺ𝑥ሻ ൌ 𝑎଴ ൅ 𝑎ଵ𝑥 ൅ 𝑎ଶ𝑥ଶ ൅ 𝑎ଷ𝑥ଷ ൅ 𝑎ସ𝑥ସ ൅

𝑎ହ𝑥ହ.  𝑇ସሺ𝑥ሻ is the fourth-degree Taylor Polynomial for 𝑓 about 𝑥 ൌ 𝑐 such that 𝑇ସ ൌ 𝑏଴ ൅ 𝑏ଵሺ𝑥 െ 𝑐ሻ ൅
𝑏ଶሺ𝑥 െ 𝑐ሻଶ ൅ 𝑏ଷሺ𝑥 െ 𝑐ሻଷ ൅ 𝑏ସሺ𝑥 െ 𝑐ሻସ.  Based on the Lagrange error bound, 𝑓ሺ𝑥ሻ െ 𝑇ସሺ𝑥ሻ must equal which 
of the following? 

 
 
 
 
 

(A)    𝑥 (B)    ሺ𝑥 െ 𝑐ሻହ (C)    𝑎ହሺ𝑥 െ 𝑐ሻହ (D)    
௔ఱሺ௫ି௖ሻఱ

ହ!
 

 
 
8.   Let 𝑃ሺ𝑥ሻ be the sixth-degree Taylor Polynomial for a function 𝑓 about 𝑥 ൌ 0.  Information about the maximum 

of the absolute value of selected derivatives of 𝑓 over the interval 0 ൑ 𝑥 ൑ 1.5 is given below.   
 

max
଴ஸ௫ஸଵ.ହ

ห𝑓ሺହሻሺ𝑥ሻห ൌ 9.3  max
଴ஸ௫ஸଵ.ହ

ห𝑓ሺ଺ሻሺ𝑥ሻห ൌ 62.1  max
଴ஸ௫ஸଵ.ହ

ห𝑓ሺ଻ሻሺ𝑥ሻห ൌ 481.3 

 
What is the smallest value of 𝑘 for which the Lagrange error bound guarantees that |𝑓ሺ1.5ሻ െ 𝑃ሺ1.5ሻ| ൑ 𝑘 ? 

 
 
 
 
 
 
9.   The function 𝑓 has derivatives of all orders for all real numbers.  Values of 𝑓 and its first four derivatives at    

𝑥 ൌ 2 are given in the table. 
 

𝑥 𝑓ሺ𝑥ሻ 𝑓ᇱሺ𝑥ሻ 𝑓ᇱᇱሺ𝑥ሻ 𝑓ᇱᇱᇱሺ𝑥ሻ 𝑓ሺସሻሺ𝑥ሻ 

2 6 െ12 18 െ24 34 

 
a.  Write the third-degree Taylor Polynomial for 𝑓 about 𝑥 ൌ 2, and use it to approximate 𝑓ሺ1.5ሻ. 
 
 
 
 
 
 
 
 
 

෍ሺെ1ሻ௡
3𝑛 ൅ 1

2௡
 ሺ𝑥 െ 3ሻ௡

ஶ

௡ୀ଴

 



b.  The fourth derivative of 𝑓 satisfies the inequality ห𝑓ሺସሻሺ𝑥ሻห ൑ 48 for all 𝑥 ൐ 1.  Use the Lagrange error 

bound to show that the approximation found in part (a) differs from 𝑓ሺ1.5ሻ by no more than 
ଵ

଼
. 

 
 
 
 
 
 
 
 
 
 
 
 
10.  Let ℎ be a function having derivatives of all orders for 𝑥 ൐ 0.  Selected values for the first four derivatives of ℎ 

are given for 𝑥 ൌ 3.  Use the Lagrange error bound to show that the third-degree Taylor polynomial for ℎ about 
𝑥 ൌ 3 approximates ℎሺ2.9ሻ with an error less than 3 ൈ 10ିସ.   

 

𝑥 ℎሺ𝑥ሻ ℎᇱሺ𝑥ሻ ℎᇱᇱሺ𝑥ሻ ℎᇱᇱᇱሺ𝑥ሻ ℎሺସሻሺ𝑥ሻ 

3 317 
753

4
 

1383
4

 
3483

8
 

1125
16

 

 
 
 
 
 
 
 
   
 
 
 
 
 
 
11.   Calculator allowed. 

𝑥 𝑓ሺ𝑥ሻ 𝑓ᇱሺ𝑥ሻ 𝑓ᇱᇱሺ𝑥ሻ 𝑓ᇱᇱᇱሺ𝑥ሻ 𝑓ሺସሻሺ𝑥ሻ 

3 4 െ8 14 െ22 30 

 
The function 𝑓 has derivatives of all orders for all real numbers.  Values of 𝑓 and its first four 
derivatives at 𝑥 ൌ 3 are given in the table.   
a.   Write an equation for the line tangent to the graph of 𝑓 at 𝑥 ൌ 3 and use it to approximate 𝑓ሺ2.5ሻ. 
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b.   Write the third-degree Taylor polynomial for 𝑓 about 𝑥 ൌ 3, and use it to approximate 𝑓ሺ2.5ሻ.  
 
 
 
 
 
 
 
 
 
 
c.   Is there enough information to determine whether 𝑓 has a critical point at 𝑥 ൌ 2.5?  If not, explain 

why not.  If so, determine whether 𝑓ሺ2.5ሻ is a relative maximum, relative minimum, or neither, 
and give a reason for your answer. 

 
 
 
 
 
 
 
 
 
d.   The fourth derivative of 𝑓 satisfies the inequality ห𝑓ሺସሻሺ𝑥ሻห ൑ 48 for all 𝑥 ൐ 2.  Use the Lagrange 

error bound to show that the approximation found in part (b) differs from 𝑓ሺ2.5ሻ by no more than 
ଵ

଼
.   

 
 
 
 
 
 
 
 
 
 
e.   What is the coefficient of the ሺ𝑥 െ 3ሻଷ term in the Taylor series for 𝑓′, the derivative of 𝑓, about 

𝑥 ൌ 3? 
 
 
 


