
   
Recall: Rate of Change 

 

Slope  ൌ  
௬మି௬భ
௫మି௫భ

   ൌ   
∆௬

∆௫
   ൌ  “Dependent” per “Indepenent” 

 

Average rate of change on the interval ሾ𝑎, 𝑏ሿ is represented by 
௙ሺ௕ሻି௙ሺ௔ሻ

௕ି௔
 

 
Average rate of change from a function.   
Find the average rate of change of 𝑓ሺ𝑥ሻ ൌ ln 3𝑥 over the interval 1 ൑ 𝑥 ൑ 4. 
 
 
 
 
 
Average rate of change from a table. 

𝑥 0 2 7 30 
𝑓ሺ𝑥ሻ  3 െ2 5 7 

 
Find the average rate of change over the interval 2 ൑ 𝑥 ൑ 30. 

 
 
 
 
 
 

Average Rate of Change: 
The following quotients express the average rate of change of a function over an interval. 

 
 

௙ሺ௔ା௛ሻି௙ሺ௔ሻ

ሺ௔ା௛ሻି௔
  or  

௙ሺ௫ሻି௙ሺ௔ሻ

௫ି௔
 

 
This is also the slope of the secant line. 

 

 
 
 

Instantaneous Rate of Change: 
The following limits express the instantaneous rate of change of a function at 𝑥 ൌ 𝑎. 

 

lim
௛→଴

௙ሺ௔ା௛ሻି௙ሺ௔ሻ

௛
   or   lim

௫→௔

௙ሺ௫ሻି௙ሺ௔ሻ

௫ି௔
 

 
This is also the slope of the tangent line. 

 
 

2.1 Average and Instantaneous Rate of Change 
Write your questions 
and thoughts here! 

Calculus Notes 



 
Find the instantaneous rate of change of 𝑓ሺ𝑥ሻ ൌ 𝑥 െ 𝑥ଶ at 𝑥 ൌ െ1. 

lim
௛→଴

௙ሺ௔ା௛ሻି௙ሺ௔ሻ

௛
  

 
 
 
 
 
 
 
 
 
 
 
 
 
 

lim
௫→௔

௙ሺ௫ሻି௙ሺ௔ሻ

௫ି௔
  

 

Identify the function we are working with.  Then identify the x-value for the instantaneous 
rate of change (slope of the tangent line at a point). 

1.   lim
௛→଴

ହ ୪୬ቀ మ
రశ೓

ቁିହ ୪୬ቀభ
మ
ቁ

௛
 

 

Function:  𝑓ሺ𝑥ሻ ൌ 5 ln ቀଶ
௫
ቁ  

 
Instantaneous rate at 𝑥 ൌ 4 
 

2.   lim
௫→ഏ

మ

ୱ୧୬௫ିଵ

௫ିഏ
మ

 

 
 
Function:  𝑓ሺ𝑥ሻ ൌ sinሺ𝑥ሻ  
 
Instantaneous rate at 𝑥 ൌ గ

ଶ
 

 
 
 

2.1 Average and Instantaneous Rate of Change   

Calculus 
Find the average rate of change of each function on the given interval.  Use appropriate units if necessary. 
1.   𝑓ሺ𝑥ሻ ൌ 𝑥ଶ െ 2;    ሾെ1, 3ሿ 
 
 
 
 
 
 
 
 
 

2.   𝐴ሺ𝑡ሻ ൌ 2௧;   ሾ2, 4ሿ 
      𝑡 represents years 
      𝐴 represents dollars 
 
  

3.   ℎሺ𝑚ሻ ൌ tanሺ𝑚ሻ ൅ 4;   ቂ
గ

ସ
,
ଷగ

ସ
ቃ 

      ℎ represents hair 
      𝑚 represents months 
 

4.   𝑎ሺ𝑥ሻ ൌ ln 𝑥 on the interval 2 ൑ 𝑥 ൑ 7. 
 
 
 
 
 
 
 
 

5.   𝑓ሺ𝑥ሻ ൌ cos 𝑥 on the interval െ1 ൑ 𝑥 ൑ 0. 
 

Practice 

Write your questions 
and thoughts here! 



Use the following table to find the average rate of change on the given interval. 
𝑡 

(Minutes) 
0 3 4 12 13 

𝑠ሺ𝑡ሻ 
(Feet) 

െ2 4 െ7 5 10 
 

6.   ሾ3, 13ሿ  
 
 
 
 
 
 
 

7.   0 ൑ 𝑥 ൑ 12 8.   ሾ3, 4ሿ  
 

Use the following graph to find the average rate of change on the given interval. 

 
9.   െ5 ൑ 𝑥 ൑ െ2 
 
 
 
 
 
 

10.   ሾെ1, 5ሿ  
 

11.   െ4 ൑ 𝑥 ൑ െ2 
 

The graphs of 𝒇 and 𝒈 are given below.  For each function, find the average rate of change on the given 
interval. 

 
12.  ℎሺ𝑥ሻ ൌ 𝑓ሺ𝑥ሻ ൅ 𝑔ሺ𝑥ሻ on ሾെ4,3ሿ  
 
 
 
 
 
 
 
 
 
 
 

13.   𝑘ሺ𝑥ሻ ൌ 𝑓൫𝑔ሺ𝑥ሻ൯ on ሾെ4,0ሿ 
 
 

14.   𝑤ሺ𝑥ሻ ൌ 𝑔൫𝑓ሺ𝑥ሻ൯ on ሾെ2,3ሿ  
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Find the instantaneous rate of change of each function at the given x-value.  Use the form 𝐥𝐢𝐦
𝒉→𝟎

𝒇ሺ𝒂ା𝒉ሻି𝒇ሺ𝒂ሻ

𝒉
. 

15.   𝑓ሺ𝑥ሻ ൌ 𝑥ଶ െ 𝑥 at 𝑥 ൌ െ1 
 
 
 
 
 
 
 
 
 
 
 
 

16.   𝑓ሺ𝑥ሻ ൌ √𝑥 at 𝑥 ൌ 5 
 

17.   𝑓ሺ𝑥ሻ ൌ
ଵ

௫
 at 𝑥 ൌ 2 

 

Find the instantaneous rate of change of each function at the given x-value.  Use the form 𝐥𝐢𝐦
𝒙→𝒂

𝒇ሺ𝒙ሻି𝒇ሺ𝒂ሻ

𝒙ି𝒂
. 

18.  𝑓ሺ𝑥ሻ ൌ 2𝑥ଶ ൅ 3𝑥 െ 4  
       at 𝑥 ൌ െ3 
 
 
 
 
 
 
 
 
 
 
 
 

19.  𝑓ሺ𝑥ሻ ൌ √3𝑥 at 𝑥 ൌ 7 
 
 

20.   𝑓ሺ𝑥ሻ ൌ
ଵ

ହ௫
 at 𝑥 ൌ െ2 

 
 

Each limit represents the instantaneous rate of change of a function.  Identify the original function, and the 
x-value of the instantaneous rate of change.  

21.   lim
௫→଻

భ

ඥೣమషమೣ
ି

భ

√యఱ

௫ି଻
  

 
Function:  𝑓ሺ𝑥ሻ ൌ 
 
Instantaneous rate at 𝑥 ൌ 
 

22.   lim
௫→ିଶ

൫ଷ௫ିଽ௫మ൯ାሺସଶሻ

௫ାଶ
 

 
 
Function:  𝑓ሺ𝑥ሻ ൌ 
 
Instantaneous rate at 𝑥 ൌ 
 

23.   lim
௛→଴

ଷ ୪୬ሺଶା௛ሻିଷ ୪୬ ଶ

௛
  

 
 
Function:  𝑓ሺ𝑥ሻ ൌ 
 
Instantaneous rate at 𝑥 ൌ 
 

24.   lim
௛→଴

ଷሺଵା௛ሻమି଻ሺଵା௛ሻାଵାሺଷሻ

௛
 

 
 
Function:  𝑓ሺ𝑥ሻ ൌ 
 
Instantaneous rate at 𝑥 ൌ 
 

25.   lim
௫→

ഏ
మ

଺௫మ ୱ୧୬ ௫ି
యഏమ

మ

௫ି
ഏ
మ

 

 
Function:  𝑓ሺ𝑥ሻ ൌ 
 
Instantaneous rate at 𝑥 ൌ 
 

26.   lim
௛→଴

୪୭୥ሺଶିସሺ௛ିହሻሻି୪୭୥ሺଶଶሻ

௛
 

 
 
Function:  𝑓ሺ𝑥ሻ ൌ 
 
Instantaneous rate at 𝑥 ൌ 
 

27.   lim
௫→ହ

భ

√యೣ
ି

భ

√భఱ

௫ିହ
 

 
Function:  𝑓ሺ𝑥ሻ ൌ 
 
Instantaneous rate at 𝑥 ൌ 
 

28.   lim
௛→଴

௘లሺయశ೓ሻశభି௘భవ

௛
 

 
Function:  𝑓ሺ𝑥ሻ ൌ 
 
Instantaneous rate at 𝑥 ൌ 
 

 



 
 
 
 
29.   Let 𝑓 be the function defined by 𝑓ሺ𝑥ሻ ൌ ln 7𝑥.  The average rate of change of 𝑓 over the interval ሾ2,𝑎ሿ is 41, 

where 𝑎 ൐ 2.  Which of the following is an equation that could be used to find the value of 𝑎? 
 
 
 

     (A)     𝑓ሺ𝑎ሻ ൌ 41          (B)     𝑓ሺ𝑎ሻ െ 𝑓ሺ2ሻ ൌ 41 
 

     (C)     
௙ሺ௔ሻି௙ሺଶሻ

௔ିଶ
ൌ 41          (D)     

௙ሺ௔ሻା௙ሺଶሻ

ଶ
ൌ 41 

 
 
30.   Find the average rate of change of 𝑓ሺ𝑥ሻ ൌ sin 𝑥 ln 𝑥 on the interval 1 ൑ 𝑥 ൑ 𝑎. 
 
 
 
 
 
 
 
31.   Today’s school lunch was inappropriately thrown over the school fence by Mr. Kelly.  For 0 ൑ 𝑡 ൑ 90, the 

amount of food remaining (assuming no animals eat it) is modeled by 𝐹ሺ𝑡ሻ ൌ 544.311ሺ0.907ሻ௧, where 𝐹ሺ𝑡ሻ is 
measured in grams and 𝑡 is measured in days.  Find the average rate of change of 𝐹ሺ𝑡ሻ over the interval 0 ൑
𝑡 ൑ 90.  Indicate units of measure.  

 
 
 
 
 
32. 

 
A continuous function 𝑓 is shown above and defined on the closed interval െ5 ൑ 𝑥 ൑ 4.  For how many values 
of 𝑏, െ5 ൏ 𝑏 ൏ 4, is the average rate of change of 𝑓 on the interval ሾ𝑏, 1ሿ equal to 0?  Give a reason for your 
answer. 
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Test Prep 2.1 Average and Instantaneous Rate of Change 


