
 
Recall:  In geometry, we learned that the area of a sector is 𝐴 ൌ 𝟏

𝟐
𝜽𝒓𝟐 

 
 
 
 
 
 

The radius of a sector ൌ 𝑓ሺ𝜃௜ሻ 
The central angle ൌ 𝜷ି𝜶
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Push the number of slices up to infinity, and we get  

𝐴 ൌ lim
௡→ஶ

1
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෍ሾ𝑓ሺ𝜃௜ሻሿଶ∆𝜃
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This is the definition of integration! 
 
Area of a region bounded by a polar graph 
If 𝑓 is continuous and nonnegative on the interval ሾ𝛼,𝛽ሿ, then the area of the region bounded 
by the graph of 𝑟 ൌ 𝑓ሺ𝜃ሻ between the radial lines 𝜃 ൌ 𝛼 and 𝜃 ൌ 𝛽 is  
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න 𝑟ଶ
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ఈ
𝑑𝜃 

 
 
The trick with polar graphs is to be careful with what interval it takes to trace out the polar 
graph.  Watch what happens with this example. 
1.   Find the area bounded by 𝑟 ൌ 5 sin𝜃. 

   
 
 
 
 
 
2.   Find the area of the shaded region of the polar curve for 𝑟 ൌ 1 െ cos 2𝜃 
 
[you have to be able to figure out that the boundary is 0 to pi.] 

𝐴 ൌ
1
2
න ሺ1 െ cos 2𝜃ሻଶ
గ

଴
𝑑𝜃 

𝐴 ൎ 2.356 
Show this graph on the calculator and how it traces. 
 
 
 

9.8 Area Bounded by a Polar Curve  
Write your questions 
and thoughts here! 

Calculus Notes 

𝜶 
𝜷 



3.   Find the area of the inner loop of the limaçon 𝑟 ൌ 2 cos𝜃 ൅ 1. 
 
Find when the radius is zero (returns to the origin).   

𝐴 ൌ
1
2
න ሺ2 cos 𝜃 ൅ 1ሻଶ
ସగ
ଷ

ଶగ
ଷ

𝑑𝜃 

𝐴 ൎ 2.356 
Finding the limits of integration is the hardest part!  
One way of checking is to graph it on your calculator 
with the window set up with your limits of integration.  
That will then only graph the portion you want to see. 
 
4.   Find the area of one petal of the rose curve 𝑟 ൌ 3 cosሺ3𝜃ሻ. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

9.8 Area Bounded by a Polar Curve   
Calculus 

Find the area of the given region for each polar curve. 
1.   Inside the smaller loop of the limaçon                  

𝑟 ൌ 2 sin 𝜃 ൅ 1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2.   The region enclosed by the cardioid                    
𝑟 ൌ 2 ൅ 2 cos𝜃 

 
 

Practice 

Write your questions 
and thoughts here! 



3.   Inside the graph of the limaçon 𝑟 ൌ 4 ൅ 2 cos𝜃. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

4.   Inside one petal of the four-petaled rose               
𝑟 ൌ cos 2𝜃.   

 
 

5.   Inside one loop of the lemniscate 𝑟ଶ ൌ 4 cos 2𝜃. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

6.   Inside the inner loop of the limaçon                     
𝑟 ൌ 2 sin𝜃 െ 1. 

 
 

 
7.   Write but do not solve, an expression that will give the area enclosed by one petal of the 3 petaled rose       

𝑟 ൌ 4 cos 3𝜃 found in the first and fourth quadrant.  
 
 
 
 
 
 
  
8.   Write but do not solve an expression that can be used to find the area of the shaded region of the polar curve  

𝑟 ൌ 3 െ 2 sin𝜃.  
 
 
 
 
 
 
 
 

 
 



9.   Write but do not solve an expression to find the area of the shaded region of the polar curve 𝑟 ൌ cos 2𝜃. 
 
 
 
 
 
 
 
 
 
 
 
10.   Find the area of the shaded region of the polar curve 𝑟 ൌ 4 െ 6 sin 𝜃.   
 
 
 
 
 
 
 
 

 
 
 
 
 
 
11.   

 
 
 
 
 
 
 
 
 

Let 𝑅 be the region in the first quadrant that is bounded by the polar curves 𝑟 ൌ
ఏ

ଶ
 and 𝜃 ൌ 𝑘, where 𝑘 is a 

constant, 0 ൏ 𝑘 ൏
గ

ଶ
, as shown in the figure above.  What is the area of 𝑅 in terms of 𝑘? 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Test Prep 9.8 Area Bounded by a Polar Curve 



12. 
 
 

 
 
 
 
 
 
 
 
 
 

Calculator active.  Consider the polar curve defined by the function 𝑟ሺ𝜃ሻ ൌ 2𝜃 cos 𝜃, where 0 ൑  𝜃 ൑
ଷగ

ଶ
.  

The derivative of 𝑟 is given by 
ௗ௥

ௗఏ
ൌ 2 cos 𝜃 െ 2𝜃 sin𝜃.  The figure above shows the graph of 𝑟 for            

0 ൑  𝜃 ൑
ଷగ

ଶ
.   

 
a.   Find the area of the region enclosed by the inner loop of the curve. 
 
 
 
 
 
 
 
 
 
 

b.   For 0 ൑  𝜃 ൑
ଷగ

ଶ
, find the greatest distance from any point on the graph of 𝑟 to the origin.  Justify your 

answer.  
 
 
 
 
 
 
 
 
 
 

c.   There is a point on the curve at which the slope of the line tangent to the curve is 
ଶ

ଶିగ
.  At this point,    

ௗ௬

ௗఏ
ൌ

ଵ

ଶ
.  Find 

ௗ௫

ௗఏ
 at this point. 

 
 
 
 
 
 
 
 
 
 


