Area and Volume
ANSWERS

AP Calculus Free Response Problems
2002 — current year

2002 Form A #1 [calculator allowed]

gl
(a) Area = [ (e —Inz)de = 1.222 or 1.223
| Jy,

Shp . .
(b) Volume = =« [V(( 4—Inz) — (4 — ") )d:f’
Jig

= 7.5157 or 23.609

) 1 _
Jrz)=¢e"—==0
£

(¢) Rh(z)= f'(x)
xr = 0.567143

Absolute minimum value and absolute
maximum value occur at the critical point or

at the endpoints.

R(0.567143) = 2.330
h(0.5) = 2.3418
h(l) = 2.718

The absolute minimum is 2.330.

The absolute maximum is 2.718.

1:
1:

Note:

integral

alswer

limits and constant
integrand
< —1 > each error

Note: 0/2 if not of the form

b . .
R'._L (R(x)* — r(z)* )dz

allswer

considers h'(z) = 0
identifies critical point
and endpoints as candidates

answers

Errors in computation come off

the third point.



2002 Form B #1 [calculator allowed]

Region R

= =4 —2r at r= 1.48T664 =

A

3
(a) Area = j:l[:l—E:r— lf—f]dr

= 3.214 or 3.215

(b} Volume

— ;.,—j;]ﬂ[{gl — 2z) —[1 frz ]*y

= 31.884 or 31.885 or 10.149%%

(e) Volume = j; ]A[ 4-2r —

= B.997

dr

1 : Correct limits in an integral in (a), (b},

ar (c).
I : integrand
2
1 : answer
2 : integrand and constant
3 < — 1 = each error
1l : answer
2 : integrand
< —1 = each error
7 | note: 0/2 if not of the form

E[ () - @)} &

1 : answer




2003 Form A #1 [calculator allowed]

Point of intersection 1: Clorrect limits in an integral in
e = Jr at (T, 8) = (0.238734, 0.455604) (a), (b), or (c)
1 e
(a) Area = f (Jz — &% )dr 7 - 1: integrand
ST ' "] 1: answer
= 0.442 or 0.443
. . 1 —8z 2 v2 2 : integrand
(b) Volume = [ ((1—e ) —(1-z J)dz
T ) < —1 = reverzal
= 0.4537 or 1.423 or 1.424 .
< —1 > error with constant
3
< —1 > omite 1 in one radius
< — 2 > other errors
1 : answer
(¢) Length = +z —e ™ 2 : integrand
Height = 5(vz —e*") < —1 = incorrect but has
3: Jz —et
1 -
Volume = frf.u[\l";— E_S‘"Jﬂd.r = 1.554 az a factor
’ 1 : answer




2003 Form B #1 [calculator allowed]

(a) f'(z) =8z —32%; f(3)=24—-27T =3 1 : finds f(3) and f(3)
f(3)=36-27=9 finds equation of tangent line
Tangent line at z = 3 is 2: or
y= =3z —3)+9 = -3z + 18, L: shows (3,9) is on both the
which is the equation of line £ graph of f and line ¢

(b) flz)=0atz=4 2 : integral for non-triangular region
The line intersects the s-axis at = 6. 1 : limits

1 4 a . - 1 v
Area = 5(3)(9) - L (42” — 2 )dz 4: 1 : integrand
— 7916 or 7..‘}‘17 1 : area of triangular region
OR 1 : answer
4
Area = | ((18 —3z)— (42® —2*))d:
rea L[( x)— (42° — 2" ))dz
1
+ 5(2)(18 ~12)
= 7.916 or 7.917
(¢) Volume = T f ! (422 — 2 )2 di 1 : limits and constant
0
3: 1 1:integrand

= 156.038 7 or 490.208
1 : answer




2004 Form A #2 [calculator allowed]

@ Area = [ (f(x) - g(x)) dx p [ 1 e
0 1 - answer

= L:{_Qx(l— x) = 3(x — 1)¥x ) dr = 1.133

1 2 W2 - 14 -.
(b) Volume :;rj {{2 —g(x) —(2- f(.r]r} dx 1 Jmnt-s and constant
o 2 : mtegrand
1/, . .
= -’TI f{z —3(x—1)Vx) —(2-2x(1- x}]*] dx {—1} each error
’ ' 4: Note: 0/2 if integral not of form
=16.179 o
c| {R‘(x]—?j(x]) dx
1 : answer
1 .
(c) Volume :j (h(x) - g(x]f dy . {2 - integrand
o 1 : answer

[:{_kx{l —x)—3(x-— 1}\1'?:]2 dr =15




2004 Form B #1 [calculator allowed]

" 1 : limits
3: < 1:integrand

(a) Area = J'lloJx “Tdv=18

‘ﬂ 1 : answer

10 5 C 1 Ties
(b) Volume = 7 J‘ (9 C(3-r=1 }_) dx ‘ 1: }mnts and constant
1 3:<¢ 1:integrand

=212.057 or 212.058 ‘ 1 : answer

3 ) 2 (1 - limi
(©) Volume = EJ‘ (10 _ {,1" + 1)) dy 1: :Illllllt.% and constant
0t . 3:¢ 1:mtegrand

= 407.150 | 1: answer




2005 Form A #1 [calculator allowed]

flx) = g(x) when % +sinfmx) = 47",

fand g mtersect when x = 0.178218 and when x =1.
Let a = 0.178218.

(a) L]ﬂ(g(x} — f(x)) dx = 0.064 or 0.065 (1
3:4 1:integrand
1 : answer

® [ (f(x) - g(x) dx = 0.410 1
1 : mtegrand
1

. answer

1 7
© :rJ' ((F(x)+1)" = (g(x) +1)?) dx = 4.558 or 4559 ;[ 2+ integrand
a -
1 : linmts, constant, and answer




2005 Form B #1 [calculator allowed]

The graphs of fand g intersect in the first quadrant at
(5.7)=(1.13569. 1.76446).

@ Area = [ (f(x)-g(x) dx

=* 1+sin(2x — &™) ax
Jo )
= 0429

(®) Volume = [ ((f(x))’ - (2(x))?) dx

5

- *‘TJ. ((1+sin(20))% - (e72)7 ) ax
) | |

= 4.266 or 4.267

5 2
(c) Volume :j % Ml dx

D—"\x

5 . 242
| m[1+sm(2x)-e"" i
|2 2 | *
', A

0
=0.077 or 0.078

1 : correct hmits 1n an mtegral m (a), (b),
or (c)

5 1 : integrand
"1 1: answer

[ 2 : mtegrand
{(—1) each error
3- Note: 0/2 if integral not of form

f_[j(ﬂl(x] - rllx]] dx

1 :answer

- integrand
1 : answer

Lad
— e,
%]



2006 Form A #1 [calculator allowed]

In(x) = x—2 when x = 0.15859 and 3.14619.
Let § = 0.15859 and T = 3.14619

T
(a) Areaof R = js (In(x)—(x—2))dx =1.949 [ 1-ntegrand
34 1 limits
| 1:answer
T y 3
(b) Volume = ;rJ'S_ (In(x)+3)° - (x—2+3)*) dx . {z - integrand
| 1:limits, constant, and answer

= 34.198 or 34.199

T-2, -
(c) Volume = .?rf ((J-' +2) — [eJ')') dy . 2 : integrand
5= ' " | 1: limits and constant




2006 Form B #1 [calculator allowed]

For x <0, f(x)=0 when x =-1.37312.
Let P =-137312.

(a) Areaof R = jﬁf{x} dx = 2.903
(b) Volme = x| _((f(x)+2)" - 4)dr = 59361

0
<P

. o 1
{c) The equation of the tangent line [ 15 y =3 - X

The graph of f and hine [ intersect at 4 = 3.38987.

Ay

Areaof § = J‘G ((3 —%1] - f{xJ] dx

b2
——

: integral

o AnNsSwer

1 : limits and constant

Pl

- integrand

C answer

: tangent line
: integrand
- limits



2007 Form A #1 [calculator allowed]

7~ 2 when x = 43 1 : correct limits in an mtegral in
ik (a). (b). or (c)
(. ‘ 1 int d
(a) Area = f (2% __>|ar=379610r37962 | 2- { - iegran
EAN . 1 - answer

3 - . '\I N
o0 Y 2 : integrand
(b) Volume = }:’J [ 20 -1 - 2? Idx =1871.190 i Jl &
RN B ). 1 : answer
3 . w0 N
1 A 2 : integrand
© Velume =Z | (2| 222} ar 3;Jl e
< J_3 PASESS 'y 1 - answer

3/ w2
:Ej 202—2}.::&:1?4_263
8 _3 \1+3(' y




2007 Form B #1 [calculator allowed]

-

€2 = 2 when x = 0446057, 1.553943
Let P = 0446057 and Q = 1.553943

o 2
(a) Areaof R =J‘ (e“‘-‘ _ 2] dx = 0.514
P\ J

" 2
) ¢ =1whenx=0,2

2, 2
Areaof S =f (ek_x —1]dx—A1'eaofR
o\ /
= 206016 — Areaof R =1.546

OR

Pry 2 2, 4. 2 )

f (e —1)dx+{Q—Pl-1+J‘ (e--‘ < 1) ax
o\ J o /

— 0.219064 + 1.107886 + 0.219064 = 1.546

r - . 2 "
(¢) Volume = .?rJ‘ Hel‘"‘_ - 1} —-(2- 1)2 dx

-

|

1 : integrand

1 : answer

[ 1 - integrand

|

o Answer

o4 1 Lhimts
L1

2 : mtegrand

1 : constant and linmts



2008 Form A #1 [calculator allowed]

(a) smn(mx) =Y —4ratx=0and x=2

Area = [;(_sin{}rx} - (.xj - 4x}\] dx=4

(b) X’ —4x=-2 at r = 0.5391889 and s = 1.6751309
The area of the stated region 1s I S{—E - {xi - 4x)} dx
,

(c) Volume = J:{sm(ﬁ.rj - {x3 — 4.1;)]2 dx=9978

(d) Volume = J':{zc — x)(sin(zx) - (x* - 4x)) dx = 8.369 or 8.370

=]

=]

]

- linits
: integrand
1 : answer

- limats
- integrand

- integrand
- answer

> integrand
- answer



2008 Form B #1 [calculator allowed]

The graphs of y = +/x and y = % mtersect at the points
(0, 0) and (9, 3).

@) Lg(ﬁ - %] dx =45
OR

I;['iy—y}}dy =45

(b) R'J:(By 2= (3 1))y

- % — 130.061 or 130.062

© [ (3-»*) dy=81

- limits
- integrand
. answer

- constant and linuts
- integrand
: answer

- integrand
- limits and answer



2009 Form A #4 [no calculator!]

(c) Volume = Jﬁt(ﬂ — %]E dy
o\ 2

X

1 : integrand
1 : antiderivative
1 : answer

1 : inteprand
1 : antiderivative
1 : answer

2 - mtegrand
1 : linuts



2009 Form B #4 [no calculator!]

4 5 5 5 x=4 [ 1 : integrand
(a) Area = j ('u'q - %] dx = ?:;3'“2 - IT == 3: 4 1: antiderivative
o - x=0 l 1 - answer
4, \2 4r , 2
(b) Volume = Vx —_i dx = -+ lax 1 : imtegrand
2 4 &
0 0 / 3: }\ 1 : antiderivative
1 answ
; o et answer
_x  Xx + X _ 8
T2 5 12 15
x=0
Y \2 2 ) 1 : limits and constant
(c) Volume = 7 [[2—1] —{2—&]*]&’ 3:{ -
o\ 2 ' ) 2 integrand




2010 Form A #4 [no calculator]

9

[ 1 : integrand
(a) Area = [ (6-2V%)dx = [6.\' _ j\ﬁx’z]

=18 3: < 1:antiderivative
]\ 1 : answer

9/ 2 2 2 : integrand
7 = T—2Jx) —(7-6) |dx 3: -
(®) Volume NJ 0 [( ' JT) ( 6) ) o { 1 : limits and constant
2
(c) Solving v = 2Vx for x yields x = —. ;- {2 : integrand
© | 1 answer

3 -

Each rectangular cross section has area

#
—
<
I
|0
-
o

6
N 3 a4
Vol = r— dav
olume )y 1 6" h




2010 Form B #1 [no calculator]

1 : Correct limits in an integral in (a), (b),
or (c)

2 -2
@ [, (6-4In(3-x)) dx = 6.816 or 6.817 - { 1 : integrand

1 : answer

(b) ;rj;{(s —4In(3-x))* —(8—6)) dv . { 2 : integrand

—168.179 or 168.180 1 : answer

2 . 2:i d
(©) IO{E— 41n(3 — x))? dx = 26.266 or 26.267 3 { mntegran

1 : answer




2011 Form A #3 [calculator allowed]

o 1)1

fl(x)= 24.1;1, 50 f’(%] =6

| &)

An equation for the tangent lineis y =1+ 6( xX—- —).

1/2
U” (g(x) - f(x)) dx

1/2
(

(b) Area =J

sin(7x) — 8x° ] dx
T _ 42
= [ pe cos(mx) — 2x J

x=0

H
H =

© [ (- F)F - (1~ g())) i

1/2, 3
- .rrJ. f “1 —8x ) -(1- sin(:.rx)jl) dx
0 i ’ J

Ly

1 : answer

[ 1 integrand
4: 4 2 : antiderivative
1 : answer

{1 : linuts and constant
| 2 integrand



2011 Form B #3 [calculator allowed]

{a) Area = J':JJ? dv +

(b)

(©)

L =4
a2 23 L 22
3 x=0 3

pa | =

_1'=JJT = _'|:=;r1
y=6-x = x=6—-y

Width = (6 — v) — °

Volume = [;231{_6 -y — yzjl dy

glx)=-1

Thus a line perpendicular to the graph of g has slope 1.

1

F®) =5
1 1

P
(=1

The point P has coordinates [

3oy

3

34

1 - integral
1 : antidentvative

[ 1 : answer

_ { 2 - integrand

1 : answer

1: fix)
1 : equation

[ 1 : answer



2012 #2 [calculator allowed]

Inx=5-x = x=369344
Therefore, the graphs of y =Inx and y = 5 — x mfersect in
the first quadrant at the point (4, B) = (3.69344, 1.30656).
B . S
(a) Area = . (5 —-y-¢€ ] dy 1 : integrand
= 2.986 (or 2.985) 39 1 lits
1 :answer
OR
A +5 .
Area :J Inx dx + | (5—x)dx
1 J4
— 2986 (or 2.985)
4 , .3 2:1 :
(b) Volume = L (In x)~ dx + |1{'5 —x)? dx 3: { ) integrands
_ [ 1:integrand
(e) jk(S—m—eJ'}m:l-zgsﬁ orl-2985) 3'%1'].1'1111"(5
0 Pl R R R _
1 : equation

: expression for total volume



2013 #5 [no calculator]

(a) Area = [ﬂz[g[x: - f(x)] dx ‘ 1 - integrand
*,.3 _ 4- ‘ - antiderivative
| T _ _ 2 _ _—
= JU [4:’:05[1.1} (2x" —6x 4@ dx 1 - answer
s
a_ (7 :
16 (16 4
=731 3# 73

(b) Volume = |0_|:[4 flx))? —(4-g(x)) ]d’x ;. ( 2 : integrand
2 . s " | 1: limits and constant
4 (e e A (T A\
=7 L [;4—{2; —6x+4)) _1.4_4c°5‘.?""” }dx
(c) Volume = [0;[ gx)-f (le]2 dx 5. ( 1:integrand

.2 _ 5 * | 1: limits and constant
. i _ ""_; 2 _ \
.Io [4(:05.( 4x] (2x° —6x + 4}} dx




2014 #2 [calculator allowed]

" 2 : integrand
4: ¢ 1: limits

Volume = ,TJ‘SS[(LL +2 ]2 —(f(x)+ 2}2] dx ‘ 1 : answer

= 98.868 (or 98.867)

(a) f(x)=4 =>x=0,23

n2.3

(b) Volume = J %(4 - fi .wr))2 dx ;. (2 :integrand
0 = s
l

— kD

= 3.574 (or 3.573) - AnSwer

[ 1:area of one region

(]

k 23
© Jo (4= f(x)) dx = Jk (4= 7(x)) dx | 1: equation




2015 #2 [calculator allowed]

(a) The graphs of v = f(x) and v = g(x) intersect in the first
quadrant at the points (0. 2), (2. 4). and
(4. B) =(1.032832, 2.401108).

4 2
Area = Jo [g(x)— f(x)]dx+ J‘A[f(x} - g(x)] dx
= 0997427 +1.006919 = 2.004

(b) Volume = E[f(-\'l - g(-"}]z dy =1.283

() h(x)= flx)— g(x)
i(x)=f'(x)-g'(x)

B(1.8) = f'(1.8) — g'(1.8) = —3.812 (or —3.811)

(1 : limits

4.4 2 integrands
| 1:answer

; - (2 :integrand

“ | 1: answer

;- |1 considers 7

| 1:answer

2016 #5 No calculator
nvernoe adive = L (L (3052 = L B
(a) Average radius =10, 2—(_3+J’? ]d'h —m{.%h+7l
1 1000 \ 109 .
- 200[._(30+ 3 _)_0_]_5”1

10,, .. 2
T ( ]_ { 2 - T 10, ) 4)
(b) Volume = 7 [ — 3+ h dh = 9+6h"+h")dh
J, Uzg)+) ( )

40040 !
;5

10
_ T a3 1
—400{9h+_h + 51}
B 100000\ | _ 22097 . 3
_400((‘90+2000+ : ] o)_ o in
& _ 1 dh
© =20
1_3dh
5710 dr
dh_ 110 _ 2 e
d~ 5 3 3

: integral
1 : antiderivative
1 : answer

: integrand
1 : antiderivative
1 : answer

_{ 2 : chain rule
| 1:answer

2017 — NONE WERE ON THE EXAM THIS YEAR!!



